In a ballistic deposition model particles fall on a surface, find a location where they attach, and become part of the growing cluster. Depending on the rules chosen, the particle may stick to the first point of contact, or it may "roll downhill" and attach itself to the first stable location it encounters. We study the version where particles stick to the first point of contact. A ballistic deposition model is flux limited as opposed to reaction limited because the rate of growth is limited by the availability of material rather than by the availability of growth sites.
Another qualitative distinction among growth models is between local and nonlocal models. In a local model the rate of attaching new particles depends only on the states of some finite number of neighboring sites. An example of a highly nonlocal model is diffusion limited aggregation where the chance of a particle attaching at any particular site is influenced by far-away parts of the growing cluster. Ballistic deposition has a nonlocal aspect because it can build overhangs that extend far sideways to shade parts of the interface that then no longer receive the particle flux. This shadowing effect and low atomic mobility (stick to the first point of contact) may play a role in actual deposition processes, so there is physical motivation for these rules (see [ 16] ).
Despite the nonlocal features, the height of the interface has local dynamics. For the height process we prove a hydrodynamic scaling limit on the infinite d-dimensional cubic lattice Zd . Particle times. Once deposited, particles never leave the surface, so in particle system jargon this process is totally asymmetric. The hydrodynamic scaling shrinks space and speeds up time by the factor n. The theorem is a law of large numbers: as n -oo, the height of the randomly evolving surface converges to the solution of a first-order partial differential equation of the Hamilton-Jacobi type.
From a statistical mechanics point of view, our result is a rigorous microscopic derivation of the expected macroscopic theory. The macroscopic growth velocity of the height function ~ is determined by the local slope: = The function f is the Legendre conjugate of the stationary shape g of a cluster grown from a seed: f ( p) _ p + g (x ) } . This can be viewed as a Wulff construction for a growing shape. We refer to the survey article of Krug and Spohn [ 18] for a general discussion of growth models and for references to the physics literature. For general treatments of hydrodynamic limits consult references [5, 15] and [29] .
The essence of the proof is to construct the process so that a supremum of ballistic deposition processes is again a ballistic deposition process. The proof works equally well for discrete time in which case the waiting times of deposited particles are geometric rather than exponential. The Markov property of the dynamics is convenient for some estimates, but is irrelevant to the central argument. With some modifications our results can be proved for arbitrary waiting times, but we have not strived for such generality here. A different growth process with arbitrary waiting times has been treated in [26] .
The paper is organized as follows. Section 2 describes the model and states the theorems. We discuss briefly viscosity solutions of HamiltonJacobi equations, and suggest open problems from the physics literature that should be amenable to rigorous progress. In Section 3 we do the standard graphical construction (see for example [6, 9, 11 ] , or [ 19] ) of the process on a probability space that supports the Poisson waiting time processes. And we construct the coupling that expresses the process as the supremum of the shapes from individual seeds of the initial interface.
Section 4 contains exponential large deviation estimates for firstpassage site percolation. The need for these arises because the lateral (sideways) growth of ballistic deposition from a seed is equivalent to a first-passage percolation process. We use a result of Talagrand [30] and some ideas from Kesten [14] to derive the inequalities. Grimmett and Kesten [ 10] have proved these estimates for growth along coordinate axes, but we need to control growth in all space directions. Generalizing 694 T. SEPPALAINEN / Ann. Inst. Henri Poincare 36 (2000) the block argument of [10] appeared harder than applying the very general tools of [30] . Theorem [2, 26] and [27] . Another possible generalization is to let a sufficiently regular function a (x) on Rd determine the rates so that deposition at site u for process happens at rate a (u j n). Processes with such nonhomogeneous rates have been treated in references [ 1 ] and [21] . From the point of view of statistical mechanics, our paper provides a rigorous derivation of the macroscopic theory that is taken as basic in the physics literature. According to this theory, macroscopically the interface moves under an inclination-dependent growth velocity feu), and f is the Legendre conjugate of the cluster shape g (x) that grows from a seed. From this basis the physics literature seeks to describe finer properties of the deposition process. The reader is referred to the survey article [ 18] , and to articles [ 16, 17] and [20] .
Here we comment on some properties of the macroscopic objects, and mention open problems suggested by the physics papers. In general, describing f and g is as hard as first-passage percolation, since knowing g would imply knowing the first-passage percolation shape Bo. It follows from (2.14) that the velocity f (u) is convex and even ( f (u ) = f (-u ) ). Consequently it has a minimum at u = 0, f(0) = g (0) . Whether this minimum is strict as expected (in [17, p. [23] [24] [25] [26] [27] . In d = 1 (2.14) gives linear asymptotics feu) + g ( 1 ) + for large slopes u -+oo. The precise nature of the error would be of interest. Equivalently, one wants to know the asymptotics of g(x) -g(1-) as x ~ 1.
The velocity must increase with dimension, since higher dimension means more neighbors to speed up the growth over a particular site. This is easy to check by coupling the Z-processes for dimensions d and d + 1 so that the d-dimensional Z-process grows over the hyperplane {xd+{ _ O} in Zd+1. Without any estimates, this gives gd+ (x', 0) ~ for any
x' E Rd. Consequently, for any u = (u', Ud+1) E Rd+1, Mean-field analysis in [17] suggests that fd (0) grows like d / log d, and simulations appear to show a slow convergence toward mean-field values as d -oo. Growth at rate d/ log d has been verified for first-passage percolation [ 13] , so these questions can be investigated rigorously.
In [7] for first-passage percolation, a faceting transition happens in ballistic deposition for large enough p. Interestingly, simulations in [17] suggest that the velocity f (u ) is linear for all slopes u &#x3E; 1 [ 11 ] . Our presentation followed [6] .
Let (Q , 0, P ) denote the probability space whose sample point c~ represents a realization of the Poisson processes T = {~u } . We [30] , stated as the next lemma, with some ideas from Kesten [ 14] . Suppose { X i : 1 We used Lemma 4.2 in the second last step. Each a E A has at most Ln entries equal to -1 and the rest are zeroes. Consequently Q Ln . We have proved Proposition 4.1 for large enough n, and it follows for all n by increasing C1 sufficiently.
THE BALLISTIC DEPOSITION SHAPE FROM A SEED
In this section we prove Theorem 1, the almost sure limit for the ballistic deposition process started from a single seed. Initially
The process Z is constructed by the argument of Section 3 on the probability space (~2, 0, P) of the Poisson jump time processes T = {r"}. Recall Proof. -Inequality (5.4) follows by starting a new independent Zprocess at time R (u, h) from a seed in cell (u, h), and by comparing this new process to the original process.
In more detail, let Ft be the a -algebra generated by the restriction of the Poisson point processes T = {Tw: w E to the time-interval (0, t]. Then R(u, h) is a stopping time for the filtration (.i 't). Restart [28] imply that for all u E Zd and h E Z+ there exists a number y (u, h) such that, for any positive integer m, The first task is to extend (5.6) to a genuine limit, and for that we use the following continuity property of the passage times. It is an immediate consequence of (5.3), (5.4) 7) . The Cramer rate function for Exp(l) is K (x) = x -I -log x, so we get the estimate where C &#x3E; 0 is a constant. In the above calculation we used 2~ ~ ~ 2~ + 1 m and K (x ) &#x3E; x / 2 for large enough x, and took m large enough.
Let n -oo in (5.9), so that j -oo also. Even though k = k (n ) varies with n, it has only finitely many possible values so the limit (5.6) happens on the left-hand side of (5.9). The reader who is willing to accept the result may ignore the proof without loss of continuity and proceed to the next section where the hydrodynamic limit is proved.
Step 1. First we define r as the event on which for all v E Zd, (u, h) E Zd x Z+, rational so, and all m E N.
We need to argue that P (F) = 1. The proof of the Kesten-Hammersley theorem on pp. 20-23 of [28] starts from a seed in cell (q(n)v, 0) when the Poisson process clock is at q (n) (so -s). One way for this process to reach cell (q (n ) u , q (n ) h ) is to first spend at most time (n -q(n))so+q(n)s to reach cell (n v, 0), and from there follow a new process Znv o 9nso that starts when the Poisson process clock is at nso. Since 0 # n -~(~) ~ n/m, there is a ~ _ ~ (m ) &#x3E; 0 such that = 0 and n8 if n is large enough. Hence by (6.5) we can choose s = s(m) &#x3E; 0 such that 0 reaches cell (nv, 0) in time q(n)s if n is large enough.
The second inequality in (6.7) follows from (6.4), again for a 8 == 8(m) &#x3E; 0 such that = 0, and for large enough n. Also q (n) # n was used. A note about terminology: We say that Z reaches cell (u, h ) = 0 and Znv o 03B8ns0 reaches cell in time (q (n ) -n ) so + q (n ) s if n is large enough. The second inequality in (6.9) follows from (6.4).
Let n -oo in (6.9) to conclude that on the event r, Let m -oo, and concurrently we can take s -0 and ð -0. The limits (6.8) and (6.10) permit us to strengthen the definition of F, without losing P (F)
Step We conclude that P (I-') = 1 for the event r defined as follows:
Step Proof. -Let (xn, tn ) -(x, t) in Rd x (0, oo) . We first argue Suppose 03C8(x, t) &#x3E; -oo (otherwise (7.4) holds trivially). Let M t ) , and pick y e x + t . int Bo so that
Since y e xn + tn . int Bo for large enough n,
The equality above follows from the continuity of g on int Bo. This proves (7.4 We can estimate as follows:
